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Abstrat
We generalize Berger and Moerdijk's results on axiomati homotopy theory
for operads to the setting of enrihed symmetri monoidal model ategories,
and show how this theory applies to orthogonal spetra. In partiular, we
provide a symmetri brant replaement funtor for the positive stable model
struture.
1 Introdution
Operads (in topologial spaes) were introdued in order to desribe alge-
brai strutures where the onstraints are relaxed up to a system of ho-
motopies. The denition of operads generalizes to any symmetri monoidal
ategory. This raises the question about axiomati homotopy theory for oper-
ads, given that the base ategory has a monoidal model struture. This ques-
tion has answers when the base ategory is simpliial sets by Rezk [Rez96℄,
omplexes of a module over a ring by Hinih [Hin97℄, a obrantly gener-
ated symmetri monoidal model ategory by Spitzwek [Spi01℄, k-spaes by
Vogt [Vog03℄, and a losed symmetri monoidal model ategory by Berger
and Moerdijk [BM03℄.
The aim of this artile is to provide Quillen model strutures on oper-
ads and their algebras when the base ategory is some symmetri monoidal
ategory of spetra, for instane orthogonal spetra, see [MMSS01, exam-
ple 4.4℄. An argument of Lewis [Lew91℄ shows that no symmetri monoidal
model ategory of spetra an simultaneously have a obrant unit and a
symmetri monoidal brant replaement funtor. Unfortunately, Berger and
Moerdijk's onstrutions require both these properties of the base ategory.
We resolve this problem by onsidering an enrihed symmetri monoidal
model ategory. This generalizes the hint given in [BM03, example 4.6.4℄. We
follow the strategy and proofs of the paper [BM03℄ losely, and observe that
there is no need to assume that the unit of the base ategory is obrant,
as long as the ategory we enrih in has a obrant unit. We advise the
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reader to keep a opy of Berger and Moerdijk's artile at hand while reading
setion 2.
The ategory of orthogonal spetra, with the positive stable model stru-
ture, see [MMSS01, setion 14℄, satises a priori nearly all of the requirements
of the previous setion. The only missing piee is a symmetri monoidal -
brant replaement funtor. We show in setion 3 that the seond-most naive
guess for a brant replaement funtor atually is symmetri. The analogous
funtor in symmetri spetra is not a brant replaement.
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2 Model strutures on operads and their left mod-
ules
We assume that the reader is familiar with the basi notions of model ate-
gories, see for example [DS95℄ or [Hir03℄.
For the basi denitions of enrihed ategories, onsult [Kel05℄. We reall
a few fats: Throughout V denotes a losed symmetri monoidal ategory
with produt ⊗, unit I, and internal hom [−,−]. Let E be a symmet-
ri monoidal ategory with produt ∧, unit S, enrihed with hom objets
E(−,−) in V, having tensor ⊙ : V × E → E , and otensor written by expo-
nentiation. For A,B in E and Y in V there are natural isomorphisms
[Y, E(A,B)] ∼= E(Y ⊙A,B) ∼= E(A,BY ) .
We will assume that both V and the underlying ategory of E are monoidal
model ategories, see [Hov98℄ and [SS00℄, in partiular the pushout-produt
axiom holds. Moreover, we need an axiom relating the model strutures on
V and E . Thus we assume the
Pullbak-otensor axiom: If p : A։ B is an E-bration and i : X →֒
Y is a V-obration, then pi : AY → BY ×BX A
X
is an E-bration,
and moreover pi is trivial if either p or i is trivial.
By adjuntion this axiom have two equivalent reformulations, one of them
similar to Quillen's axiom SM7. Moreover, our axiom implies that E is a
model enrihment by V, in the sense of [Dug06, setion 3.1℄.
Let Hopf(V) be the ategory of ommutative Hopf objets in V, see [BM03,
setion 1℄. Observe that any Abelian monoid M naturally gives rise to a
ommutative Hopf objet I[M ] whose underlying objet in V is
∐
M I. Con-
sider Z/2 multipliatively. If the folding map I[Z/2] → I an be fatored
in Hopf(V) as I[Z/2] →֒ H
≃
−→ I, where the underlying maps in V are a
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obration and a weak equivalene respetively, then we say that V admits
a ommutative Hopf interval.
For a nite group G, let EG denote the ategory of objets in E with a
right G-ation and G-equivariant maps. A olletion in E is a sequene of
objets A(n), n ≥ 0 in E , suh that A(n) has a right ation of the symmetri
group Σn. This ategory Coll(E) equals the produt
∏∞
n=0 E
Σn
. Assuming
that E is obrantly generated, there is a model struture on olletions
where A→ B is a weak equivalene (resp. bration) if eah A(n)→ B(n) is
a non-equivariant weak equivalene (resp. bration) in E . The subategory
C˜oll(E) (resp. Coll+(E)) of redued olletions (resp. positive olletions)
onsists of those A suh that A(0) = S (resp. A(0) = ∅).
An operad in E is a olletion P together with a unit S → P(1) and
struture maps
P(k) ∧ P(n1) ∧ · · · ∧ P(nk)→ P(n1 + · · ·+ nk)
satisfying ertain onditions, see [May72℄. Alternatively, one an dene this
ategory Oper(E) as the monoids for Smirnov's non-ommutative monoidal
produt on olletions in E , see [Smi82℄ or [MSS02, setion I.1.8℄. We denote
this produt by ◦, and will dene and study it more thoroughly later in this
note, see denition 2.6. The unit for ◦ is the olletion S with S(1) = S
and S(n) = ∅ for n 6= 1. An operad P is alled positive if P(0) = ∅, or
is redued if P(0) = S. Denote these ategories Oper+(E) and O˜per(E)
respetively. Let Ass and Com denote the operads for assoiative and
ommutative monoids respetively. Their n-ary parts are given by Ass(n) =
S[Σn] and Com(n) = S. Observe that the ategory of redued operads is
the subategory of Oper(E)/Com onsisting of α : P → Com with α(0)
being the identity of S. An operad P is alled Σ-split if P is a retrat of
P ∧Ass.
For an arbitrary operad P we dene ategories PMod, PAlg, and P
d
. A
left P-module is a olletion M together with a left ation P ◦M → M . A
P-algebra A is a left P-module onentrated in arity 0, i.e. A(n) = ∗ for
n > 0. Expliitly, we have struture maps P(n)∧A∧n → A. More generally,
we dene a d'th order P-form to be a left P-module trunated above arity
d, i.e. M(n) = ∗ for n > d. A P-oalgebra is an objet B of E together
with struture maps B ∧ P(n)→ B∧n satisfying onditions dual to those of
a P-algebra.
Let D be one of the ategories Oper+(E), O˜per(E), PMod, P
d
, or PAlg.
In all ases we have forgetful funtors to Coll(E). We say that D admits a
transferred model struture if there is a model struture on D where A→ B
is a weak equivalene (resp. bration) if and only if the underlying map in
Coll(E) is a weak equivalene (resp. bration).
Generalizing the main results of [BM03℄ we have:
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Theorem 2.1 Assume that the unit I ∈ V is obrant, V admits a ommu-
tative Hopf interval, E is obrantly generated, and E/S (resp. E) admits
a symmetri monoidal brant replaement funtor. The ategory of redued
operads in E (resp. positive operads in E) then admits a transferred model
struture.
Theorem 2.2 Assume that the unit I ∈ V is obrant, E is obrantly
generated, and E has a symmetri brant replaement funtor. Let P be an
operad in E and Q an operad in V. If there exists an operad map j : P →
Q ⊙ P and an interval in V with a Q-oalgebra struture, then PMod, P
d
and PAlg admit transferred model strutures.
Corollary 2.3 Assume that the unit I ∈ V is obrant, E is obrantly gen-
erated, and E has a symmetri brant replaement funtor. If there exists an
interval in V with a oassoiative omultipliation, then for all Σ-split operads
P the ategories PMod, P
d
and PAlg admit transferred model strutures.
Corollary 2.4 Assume that the unit I ∈ V is obrant, E is obrantly
generated, and E has a symmetri brant replaement funtor. If there exists
an interval in V with a oassoiative and oommutative omultipliation,
then for all operads P the ategories PMod, P
d
and PAlg admit transferred
model strutures.
Proof: We prove all four results simultaneously and follow Berger and Mo-
erdijk losely in their approah. Hene, we will only outline the arguments,
to the extent it beomes obvious that everything they do also work in our
enrihed setting.
Sine PAlg and P
d
are trunations of PMod, we will not mention them
again in this proof, i.e. the details are exatly as for left modules. Moreover,
the two orollaries follow from theorem 2.2 by taking Q = Ass and Com
respetively.
To put model strutures on Oper+(E), O˜per(E) and PMod, we onsider
free-forgetful adjuntions
Coll+(E)⇄ Oper+(E),
C˜oll(E/S)⇄ O˜per(E), and
Coll(E)⇄ PMod .
Using the transfer priniple and Quillen's path-objet argument, as explained
in [BM03, setions 2.5 and 2.6℄, we have to hek thatOper+(E), O˜per(E) and
PMod have small olimits and nite limits, the free funtors preserve small
objets, Oper+(E), O˜per(E) and PMod have brant replaement funtors,
and Oper+(E), O˜per(E) and PMod have funtorial path-objets for brant
objets. See also [Hir03, theorem 11.3.2℄.
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The funtorial brant replaement funtors of Oper+(E), O˜per(E) and
PMod are dened aritywise using the symmetri brant replaement funtors
of E , E/S and E respetively. To get the funtorial path-objets we use
onvolution pairings
Hopf(V)op ×Oper+(E)→ Oper+(E),
Hopf(V)op × O˜per(E)→ O˜per(E), and
Coalgop
Q
×PMod→ Q⊙PMod .
To onstrut the rst pairing, observe that eah ommutative Hopf objet
H denes a ooperad TH with TH(n) = H⊗n. We use the unredued
onvolution pairing PTH given by PTH(n) = P(n)TH(n). Now let H be
a ommutative Hopf interval in V. As in [BM03, theorem 3.1℄ we get a
funtorial path objet
P = PTI
≃
−→ PTH ։ PTI[Z/2] ։ P × P
for positive operads.
For the seond pairing we are given H ∈ Hopf(V) and P → Com.
Observe that the ounit ǫ : H → I is a map of ommutative Hopf objets.
Thus, we an dene the redued onvolution pairing P˜TH as the pullbak of
Com
ǫ∗
−→ ComTH ← PTH .
Let P be a brant redued operad in E , and let I[Z/2] →֒ H
≃
−→ I be a
ommutative Hopf interval in V. By onvolution we get
P = P˜TI
≃
−→ P˜TH ։ P˜TI[Z/2] ։ P ×Com P .
H and I are obrant, so the rst map is a weak equivalene by Ken Brown's
lemma and the otensor-pullbak axiom. The middle map is a bration by
the otensor-pullbak axiom. While the last map is for n ≥ 1 the projetion
P˜I[Z/2](n) = P(n)×S2
n
→ P(n) ×S P(n) onto the rst and last fator, and
hene a bration. This yields a funtorial path-objet for brant P.
The last onvolution pairing, MB , between a oalgebra B under an op-
erad Q in V and a left P-module M , is dened by the formula MB(n) =
M(n)B . Here, the left Q⊙ P-module struture map
(Q⊙ P)(k) ∧MB(n1) ∧ · · · ∧M
B(nk)→M
B(n)
is given as the adjoint of the omposition
B ⊙ (Q⊙ P)(k) ∧MB(n1) ∧ · · · ∧M
B(nk)
∼= (B ⊗Q(k))⊙
(
P(k) ∧M(n1)
B ∧ · · · ∧M(nk)
B
)
→ B⊗k ⊙
(
P(k) ∧M(n1)
B ∧ · · · ∧M(nk)
B
)
∼= P(k) ∧ (B ⊙M(n1)
B) ∧ · · · ∧ (B ⊙M(nk)
B)
→ P(k) ∧M(n1) ∧ · · · ∧M(nk)→M(n)
.
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From here on the path-objet argument works exatly as in Berger and Mo-
erdijk's proof of [BM03, theorem 4.1℄. 
The initial positive operad is S, the unit for the ◦-produt on olletions,
while the initial redued operad S˜ is given by S˜(n) = S for n = 0, 1 and
S˜(n) = ∅ otherwise. If the unit S of E is not obrant, we have to be extra
areful with obrany of operads. Therefore, we all a redued operad P
Σ-obrant if the unique map S˜ → P is a obration in the model struture
on olletions. Similarly, we also all a positive operad P Σ-obrant if the
unique map S → P is a obration of olletions. An map of operads P → Q
is alled a Σ-obration if the underlying map of olletions is a obration.
Observe that our notions of Σ-obrant diers from the denition found
in [BM03, setion 4℄, but agrees with the denition in [BM06, setion 2.4℄.
However, all notions oinide if S is obrant in E .
Proposition 2.5 Any obrant redued (resp. positive) operad is Σ-obrant.
Proof: We onsider the ase of redued operads rst. Sine the initial
redued operad, S˜, is Σ-obrant, it is enough to show that Σ-obrant re-
dued operads are losed under ellular extensions. We will now ontemplate
the dierene between redued and unredued operads. Let F : Coll(E) →
Oper(E) be the free operad funtor, and let F˜ : C˜oll(E/S) → O˜per(E) be
the free redued operad funtor. Given a redued olletion A in E/S, we
observe that F˜A(n) = FA(n) for n > 0, while F˜A(0) = S.
[BM03, orollary 5.2℄ says that for any obration A →֒ B of olletions
and any map of operads FA → P the indued map P → P ∪FA FB is a
Σ-obration. So, if P is a Σ-obrant redued operad, A →֒ B a obration
in C˜oll(E/S), and u : A→ U(P) an arbitrary map, then the only dierene
between P ∪F˜A F˜B and P ∪FA FB lies in arity 0. Hene, the map P →
P ∪F˜A F˜B is a Σ-obration.
Next, we onsider the ase of positive operads. Observe that the free
positive operad funtor is the restrition of F : Coll(E) → Oper(E) to the
subategory of positive olletions. Hene, [BM03, orollary 5.2℄ immedi-
ately applies, and yields the result. 
We now turn towards Smirnov's produt on olletions, see [Smi82℄. We
begin with the denition of the ◦-produt, and proeed by proving a two
tehnial results, namely the propositions 2.7 and 2.8. Berger and Moerdijk
prove tehnialities of similar avor in [BM06, setion 2.5℄.
Denition 2.6 Let r1, . . . , rk be non-negative integers that sum up to n.
Abbreviate X(r1) ∧ · · · ∧ X(rk) by X(r∗), and Σr1 × · · · × Σrk by Σ(r∗).
We get a Σ(r∗)-ation on X(r∗). Now indue up to a Σn-equivariant objet
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IndΣnΣ(r∗)X(r∗). On the disjoint union over all partitions of length k that sum
to n, ∐
r∗
IndΣnΣ(r∗)X(r∗) ,
we have a Σk-ation by permuting fators in X(r∗) and bloks in Σn. Now
dene
(A ◦X)(n) =
∞∐
k=0
A(k) ∧Σk
(∐
r∗
IndΣnΣ(r∗)X(r∗)
)
.
We will now derive a few properties of this produt, but before that let
us introdue a piee of terminology oming from Goodwillie's alulus of
funtors: We all the diagram
A //

B

C // D
a obration square if the three maps A→ B, A→ C and B ∪A C → D are
obrations.
Proposition 2.7 Let A be a obrant in the model ategory of redued ol-
letion under S˜ (resp. positive olletions under S), and let X →֒ Y be a
obration between obrant olletions. Then A ◦ X → A ◦ Y is also a
obration.
Proof: Fix n and k. Σk ats on partitions r∗ of length k that sum up to n.
Fix also a representative r∗ for an orbit of this ation. Let Aut(r∗) be the
permutations in Σk that ats trivially on r∗. It is enough to show that
A(k) ∧Aut(r∗)
(
IndΣnΣ(r∗)X(r∗)
)
→ A(k) ∧Aut(r∗)
(
IndΣnΣ(r∗) Y (r∗)
)
is a Σn-equivariant obration. Clearly, X(r∗)→ Y (r∗) is a Σ(r∗)-equivariant
obration, and IndΣnΣ(r∗) preserves (equivariant) obrations. Observe that
the map above is tautologially an equivariant obration if A is the initial
redued operad S˜ (resp. the initial positive operad S). In general, we may
assume that A(k) is a ellular EΣk -objet relative to S˜(k) (resp. rel S(k)).
Hene A(k) is a (transnite) sequential olimit where eah step A(k)α →֒
A(k)α+1 is formed by gluing a generating obration Σk × ∂α →֒ Σk ×Dα.
By the pushout produt axiom for E we have a obration square∐
Σk/Aut(r∗)
∂α ∧
(
IndΣnΣ(r∗)X(r∗)
)
//

∐
Σk/Aut(r∗)
Dα ∧
(
IndΣnΣ(r∗)X(r∗)
)
∐
Σk/Aut(r∗)
∂α ∧
(
IndΣnΣ(r∗) Y (r∗)
)
//
∐
Σk/Aut(r∗)
Dα ∧
(
IndΣnΣ(r∗) Y (r∗)
)
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Hene, also
A(k)α ∧Aut(r∗)
(
IndΣnΣ(r∗)X(r∗)
)
//

A(k)α+1 ∧Aut(r∗)
(
IndΣnΣ(r∗)X(r∗)
)

A(k)α ∧Aut(r∗)
(
IndΣnΣ(r∗) Y (r∗)
)
// A(k)α+1 ∧Aut(r∗)
(
IndΣnΣ(r∗) Y (r∗)
)
is a obration square. The onlusion follows. 
Proposition 2.8 Let A
≃
−→ B be a weak equivalene between obrant re-
dued olletions under S˜ (resp. obrant positive olletions under S), and
let X be a obrant olletion. Then A ◦X → B ◦X is also a weak equiva-
lene.
Proof: By Ken Brown's lemma, it is enough to onsider the ase where
A→ B is an ayli obration between redued (resp. positive) olletions.
Fix n, k and r∗ as above. We may assume that B(k) is ellular relative to
A(k). Hene, we write B(k) as a (transnite) sequential olimit starting with
B(k)0 = A(k), and suh that eah step B(k)α → B(k)α+1 is the pushout
along a generating ayli obration, Σk × ∂α →֒ Σk ×Dα. We now get a
pushout diagram
∐
Σk/Aut(r∗)
∂α ∧
(
IndΣnΣ(r∗)X(r∗)
)
//

∐
Σk/Aut(r∗)
Dα ∧
(
IndΣnΣ(r∗)X(r∗)
)

B(k)α ∧Aut(r∗)
(
IndΣnΣ(r∗)X(r∗)
)
// B(k)α+1 ∧Aut(r∗)
(
IndΣnΣ(r∗)X(r∗)
)
where the top map is an ayli obration by the pushout-produt axiom.
Hene the bottom map also is an ayli obration. 
The free funtor FP : Coll(E) → PMod is given by the ◦-produt, i.e.
FP(X) = P ◦X. This extends the Shur funtor dening the free P-algebra.
Theorem 2.9 Under the assumptions of theorem 2.2, assume additionally
that E is left proper, and that the domains of the generating obrations are
obrant. If φ : P → Q is a weak equivalene between Σ-obrant redued
(resp. positive) operads, then the base-hange adjuntions PMod ⇄ QMod,
PAlg⇄ QAlg, and P
d
⇄ Qd are Quillen equivalenes.
Proof: We prove this for left modules, the other ases are similar. The
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ategories PMod and QMod both arry transferred model strutures, hene
the base-hange adjuntion is a Quillen pair by inspetion. Sine the forget-
ful funtor φ∗ reets weak equivalenes, it is enough to show that the unit
of the adjuntion, M → φ∗φ!M , is a weak equivalene for eah ellular left
P-module M . Cellular means that M is a (transnite) sequential olimit
starting from the initial left P-module, and where Mα+1 is the pushout of
Mα ← P ◦ ∂α →֒ P ◦Dα, for a generating obration ∂α → Dα in Coll(E).
Observe φ∗φ!M inherits a similar desription, i.e. φ
∗φ!Mα+1 is the pushout
of φ∗φ!Mα ← φ
∗(Q ◦ ∂α) → φ
∗(Q ◦ Dα). Reall from proposition 2.8 that
P ◦ ∂α → Q ◦ ∂α and P ◦ Dα → Q ◦ Dα are weak equivalenes, while
P ◦∂α → P ◦Dα and Q◦∂α → Q◦Dα are Σ-obrations by proposition 2.7.
Thus indutively, all Mα → φ
∗φ!Mα are weak equivalenes, and the onlu-
sion follows. 
3 The ase of orthogonal spetra
It is onvenient to replae the ategory of all topologial spaes by ompatly
generated spaes (= weak Hausdor k-spaes, see [MC69℄). We dene the
redued homotopy olimit of a sequene X1
f1
−→ X2
f2
−→ X3 → · · · of based
spaes as the redued mapping telesope. hocolimnXn has the topology of
the union
⋃∞
n=0 Fn, where the n'th spae of the ltration is
Fn = (X1 ∧ I+)∪f1 (X2 ∧ I+)∪f2 (X3 ∧ I+)∪ · · · ∪ (Xn−1 ∧ I+)∪fn−1 Xn .
Sine eah Xn is ompatly generated, all base points ∗ ∈ Xn are losed,
so any ompat subset of hocolimnXn is ontained in some Fk, see [Ste67,
lemma 9.3℄. Using the projetions Fn → Xn, it is easy to prove that we have
natural group isomorphisms
colim
n
πqXn
∼=
−→ πq hocolim
n
Xn .
An orthogonal spetrum X onsists of a based O(V )-equivariant spae
X(V ) for every nite-dimensional real inner produt spae V together with
O(V )×O(W )-equivariant suspension maps σ : SV ∧X(W )→ X(V ⊕W ) sat-
isfying the obvious oherene ondition, see [MMSS01, example 4.4℄. Fixing
orthogonal spetra X and Y onsider pairs (Z, µ), where Z is an orthogonal
spetrum and µ is a family of maps µ(V,W ) : X(V ) ∧ Y (W )→ Z(V ⊕W )
suh that µ(V,W ) is O(V ) × O(W )-equivariant and the following diagram
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ommutes for all U , V and W :
X(U⊕V )∧Y (W )
µ(U⊕V,W )
**UUU
UU
UU
UU
UU
UU
UU
UU
SU∧X(V )∧Y (W )
σX∧1
44hhhhhhhhhhhhhhhhhh
1∧µ(V,W )
//
twist

SU∧Z(V⊕W ) σZ
// Z(U⊕V⊕W )
X(V )∧SU∧Y (W )
1∧σY // X(V )∧Y (U⊕W )
µ(V,U⊕W ) // Z(V⊕U⊕W )
∼=
OO
(*)
The smash produt X∧Y is initial among suh Z. Thus, any suh pair (Z, µ)
determines a unique map X∧Y
µ
−→ Z. We denote the ategory of orthogonal
spetra by SpO. The smash produt ∧ is symmetri monoidal with unit the
sphere spetrum S. Moreover, SpO is enrihed, tensored and otensored over
topologial spaes. The stable homotopy groups of an orthogonal spetrumX
are dened for all integers q in terms of homotopy groups of topologial spaes
by the formula πqX = colimn πq+nX(R
n). A map X → Y of orthogonal
spetra is a weak equivalene if it indues isomorphisms πqX ∼= πqY of all q.
This denition of weak equivalene ts into a model struture on SpO:
Theorem 3.1 ([MMSS01, setion 14℄) There is a model struture on SpO
alled the positive stable model struture, where the weak equivalenes are as
above. The model struture is obrantly generated, left and right proper, and
satises the pullbak-otensor and pushout-produt axioms. Furthermore, the
domains of the generating obrations are obrant. The brations are har-
aterized as the maps E → B suh that for all V of positive dimension
E(V )→ B(V ) is a Serre bration and the diagram
E(V ) //

ΩE(V ⊕ R)

B(V ) // ΩB(V ⊕R)
is homotopy pullbak.
Denition 3.2 Abbreviate Rn ⊗ V by nV . Dene the funtor T by the
formula TX(V ) = hocolimnΩ
nVX((n+1)V ).
Let K be the ategory of pairs (V,W ), where the morphisms (V,W )→
(V ′,W ′) onsists of injetive linear isometries i : V → V ′ and j : W → W ′
together with a linear isometri isomorphism α : V ′ − i(V ) ∼= W ′ − j(W ).
If V,W, V ′,W ′ are oriented, then V ′ − i(V ) and W ′ − j(W ) inherit orienta-
tions, and we all a morphism in K positively oriented if α is orientation
preserving. Thus we have a ategory K+ of pairs of oriented inner produt
spaes and positively oriented morphisms. It is easily seen that the spae
K+
(
(V,W ), (V ′,W ′)
)
is onneted whenever dimV < dimV ′.
10
Now observe that eah orthogonal spetrum X gives rise to a ontinuous
funtor from K to spaes by sending (V,W ) to ΩVX(W ). Here the indued
maps ΩVX(W ) → ΩV
′
X(W ′) ome from applying ΩV (−) to the adjoint of
σ : SU ∧X(W )→ X(U ⊕W ) with U = V ′ − i(V ).
Abbreviate ΩnVX((n+1)V ) by Ω⊗nX(V ). The morphism
(nW, (n+1)W )→ ((n+1)V ⊕ nW, (n+1)V ⊕ (n+1)W )
indues a map
ΩnWX((n+1)W )→ ΩVΩn(V⊕W )X((n+1)(V ⊕W ))
whose adjoint makes Ω⊗nX into an orthogonal spetrum. The morphisms
(nV, (n+1)V ) → (nV ⊕ V, (n+1)V ⊕ V ) indue the struture maps of the ho-
motopy olimit:
Ω⊗nX(V ) = ΩnVX((n+1)V )→ Ω(n+1)VX((n+2)V ) = Ω⊗(n+1)X(V ) .
Moreover, these maps ommute with the suspension for the orthogonal spe-
tra Ω⊗nX and Ω⊗(n+1)X.
Fix orthogonal spetraX and Y , let k = max(m,n), and dene µm,n(V,W )
as the omposition
ΩmVX((m+1)V ) ∧ ΩnWY ((n+1)W )
→ ΩkVX((k+1)V ) ∧ ΩkWY ((k+1)W )
→ ΩkV⊕kW
(
X((k+1)V ) ∧ Y ((k+1)W )
)
→ Ωk(V ⊕W )(X ∧ Y )((k+1)(V ⊕W )) .
This family of µm,n's satisfy (*), and hene they indue a map µm,n : Ω
⊗mX∧
Ω⊗nY → Ω⊗k(X ∧ Y ). By inspetion the following four diagrams ommute:
Ω⊗n1X ∧ Ω⊗n2Y ∧ Ω⊗n3Z
µn1,n2∧1

1∧µn2,n3 // Ω⊗n1X ∧ Ω⊗k2(Y ∧ Z)
µn1,k2

Ω⊗k1(X ∧ Y ) ∧Ω⊗n3Z
µk1,n3 // Ω⊗k(X ∧ Y ∧ Z)
where k1 = max(n1, n2), k2 = max(n2, n3), and k = max(n1, n2, n3).
Ω⊗nX ∧ Ω⊗mY
twist

µn,m // Ω⊗k(X ∧ Y )
twist

Ω⊗mY ∧ Ω⊗nX
µm,n // Ω⊗k(Y ∧X)
Ω⊗nX ∧ Ω⊗mY
µn,m //

Ω⊗k(X ∧ Y )
Ω⊗n+1X ∧ Ω⊗mY
µn+1,m
55l
lll
lll
llll
ll
for n < m
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Ω⊗nX ∧Ω⊗mY
µn,m //

Ω⊗k(X ∧ Y )

Ω⊗n+1X ∧Ω⊗mY
µn+1,m // Ω⊗k+1(X ∧ Y )
for n ≥ m.
Theorem 3.3 T is a symmetri brant replaement funtor for the positive
stable model struture on orthogonal spetra.
Proof: Clearly, TX = hocolimnΩ
⊗nX beomes an orthogonal spetrum,
and omes with a oaugmentation X → TX. By the diagrams above the
µn,m's yields a natural transformation
µ : TX ∧ TY → T (X ∧ Y ) .
Moreover, µ is assoiative and ommutative. Hene T is a symmetri monoidal
funtor. It remains to show that TX is brant for all X, and that the map
X → TX is a weak equivalene.
Assume dimV > 0. The q'th homotopy group of TX(V ) is alulated as
colimnΩ
nVX((n+1)V ). Now onsider the following solid diagram in K+:(
nV, (n+1)V
)
//

◦
(
(2n+1)V, (2n+2)V
)
(
R⊕ n(R ⊕ V ), (n+1)(R ⊕ V )
)
//
33
(
R⊕ (2n+1)(R⊕ V ), (2n+2)(R⊕ V )
)≃
Choosing a linear isometry R→ V , we expliitly onstrut the dotted arrow
suh that the upper triangle ommutes. However, the lower triangle will only
ommute up to a homotopy. This uses that the morphism spaes of K+ are
onneted. Thus the indued diagram
πqΩ
nVX
(
(n+1)V
)
//

πqΩ
(2n+1)VX
(
(2n+2)V
)

πqΩΩ
n(R⊕V )X
(
(n+1)(R⊕ V )
)
//
33ggggggggggggggggggggg
πqΩΩ
(2n+1)(R⊕V )X
(
(2n+2)(R ⊕ V )
)
ommutes. This shows that TX(V )→ ΩTX(R⊕ V ) is a weak equivalene.
Hene, TX(V ) is brant in the positive stable model struture.
A similar argument shows that the map X → TX is a weak equivalene.

Remark 3.4 The onstrution of the funtor T an also be a arried out in
the ategory of symmetri spetra. However, in this ase TX will in general
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not be a positive Ω-spetrum. For a ounterexample onsider X = F1S
1
, the
free symmetri spetrum generated by a irle S1 in level 1. The reason that
the proof fails for symmetri spetra is that the ategory orresponding to K+
will be disrete, and hene allows no non-trivial homotopies.
In order to onstrut a symmetri brant replaement funtor for sym-
metri spetra other tehniques are required. Perhaps one might improve on
the small objet argument.
Theorem 3.5 For an orthogonal spetrum X over S let T˜X be the levelwise
homotopy pullbak of S → TS ← TX. This denes a symmetri brant
replaement funtor T˜ for the positive stable model struture on orthogonal
spetra over S.
Proof: By onstrution T˜X → S is a level bration. Fix some positive
dimensional V . Consider the diagram
T˜X(V ) //

TX(V )

≃ // ΩTX(V ⊕ R)

S(V ) // TS(V )
≃ // ΩTS(V ⊕ R)
.
The left square is homotopy pullbak by denition of T˜X, while the right
square is homotopy pullbak sine the top and bottom maps are weak equiv-
alenes. Consequently, the outer square is homotopy pullbak. Now look at
the diagram
T˜X(V ) //

ΩT˜X(V ⊕ R)

// ΩTX(V ⊕ R)

S(V ) // ΩS(V ⊕ R) // ΩTS(V ⊕R)
.
The outer squares of this and the previous diagram are the same. Sine Ω(−)
ommutes with homotopy pullbak, and by the denition of T˜X, the right
square is homotopy pullbak. It follows that the left square is homotopy
pullbak, hene we are done. 
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